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ABSTRACT. In this paper, after introducing continuous, injective
and sequentially convergent mapping on a group, a generalization
of Kannan and Chatterjea’s fixed point theorems on Banach groups
is presented.

1. INTRODUCTION

Let J be a group and 9 : J — J be a mapping. An element w € J
is called a fixed point of ¥ if ¥(w) = w. Let wy € J be an arbitrary
element. Define the Picard iterative sequence {w,} in J as follows

Wyt = V(wy), (n=0,1,2...).

We note that the convergence of this sequence plays a significant role
in the existence of a fixed point for mapping ¥. Define the n'" iterate
of ¥ as ¥° = I ( the identity map) and 9" = 9" 100, for n > 1.

The fixed point theory is one of the most useful and essential tools
of nonlinear analysis and its applications. The origin of fixed point
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theory known as the Banach contraction principle. Banach contraction
principle states that any contraction on a complete metric space has a
unique fixed point [1]. In 1968 Kannan [0] proved that a self-mapping
v on a complete metric space (7T, d) satisfying

d(t, s) < n(d(t,v(t)) + d(s,v(s)),

for all t,s € T where 0 < 7 < % has a unique fixed point. A similar
conclusion was also obtained by Chaterjee in 1972 [5]. Koparde and
Wghmode [7] proved a fixed point theorem for a self-mapping v on a
complete metric space (7, d) satisfying the Kannan type condition

d*(v(t),v(s)) < n(d(t,v(t) + d*(s,v(s)),

for all t,s € T where 0 <7 < 3.

Group-norms have played a role in topological groups [2]. The
Birkhoff-Kakutanis metrization theorem for groups states that each
first-countable Hausdorfgroup has a right invariant metric [3]. The

term group-norm probably first appeared in Pettiss paper in 1950 [4].
In our further considerations, by applying sequentially convergent map-
pings, we will generalize this results in Banach groups.

Definition 1.1. [2] Let J be a group. A norm on a group J is a
function [|.|| : J — R with the following properties:

(1) [Jw]|| >0, for all we J,;

(2) ||w]| = [Jw™Y|, for all we J;

(3) llwall < [lwll + llgll, for all w,q € T;

(4) [|w|| = 0 implies that w = e.
A normed group (7, ]|.||) is a group J equipped with a norm ||.||. By
setting d(w, q) := ||lw™'q||, it is easy to see that norms are in bijection
with left-invariant metrics on J.

Definition 1.2. [2] A Banach group is a normed group (7, ||.||), which
is complete with respect to the metric

d(w,q) = lwg™ |, (w,q€T).

Definition 1.3. [1] Let (7,d) be a metric space. We call a mapping
v : T — T is sequentially convergent if for each sequence {t,} that
{v(t,)} is convergent then {t¢,} is also convergent.

2. MAIN RESULTS

Theorem 2.1. Let (7, ]|.||) be a Banach group. Suppose that v : J —
J be a map and 7 : J — T be a continuous, injection and sequentially
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convergent mapping. Ifn >0, pn >0, 2n+p <1 and

[0 (w)(r9(q)) M| < nlll7(w)(TI(w) "M + 17 (q)(r9(q)) ] (2.1)

+ pf|m(w)7 ()| (2.2)

for all w,q € J, then ¥ has a unique fixed point [. Moreover, for any
wo € J the sequence {9"(wo)} converges to the l.

Proof. Suppose that wy € J is given and the sequence {w, } be defined
as the following w,; = d(w,) for n = 0,1,2,... . By taking w = w,
and ¢ = w,_1 in (2.1) we get
7 (wne1) T (wn) T < D7 () 7 (wn) T+ (17 (wn) 7 (wi—1) 7]
+ pll7(wn) T (wa1) 7,

then

7 (wn2) 7 (wn) T < |7 (wn) 7 (wn—1) 7], (2.3)
foreach n =0,1,2,... ,and 0 < o = ’17%“ < 1. By the inequality (2.3)

n

we have
m

I (wn ) (wn) M < T

for all n,m € N and n > m. Since 0 < a < 1 we conclude that

the sequence {7(w,)} is Cauchy sequence. Completeness of J ensures

that there exists z € J such that lim 7(w,) = 2. It implies that the
n—oo

17 (w1) 7 (wo) I,

sequence {w,} is also a convergent sequence, i.e. there exists [ € J

such that lim w, = 1.
n—0o0

Since the mapping 7 is continuous then lim 7(w,) = 7(I). Therefore,
n—oo

we have
IO~ < pllr @ (rI(0) | + na™ 7 (w)7(wo) ™|
+ | (D7 (wnr) "Ml + a7 (wi) 7 (wo)
+ I (wae) 7).
Letting n — oo in the inequality above, since 0 < a < 1 and 7 is
continuous we conclude that ||[79()7 ()7 < n||md(D)7(1)7|. As 0 <
n < 1, then 79(1) = 7(I). But ¥(I) = [ since 7 is an injection. For the
uniqueness, we suppose that 9 has two distinct fixed points [, [y € J.
Then from (2.1) we have
I (1) (o)~ = I79(1) 79 (lo) "]
< nllr @I + 7))~ 1] + pllr ()7 (l) "l
= pllr (W) (lo) "I
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Since 0 < u < 1, the last inequality implies that ||7(1)7(lo)7 ]| =

0. As 7 is an injection we have [ = [y. It follows immediately that
lim 9™ (wg) = [ for any wy € J. O

n—oo

Similarly, the following theorem could be solved
Theorem 2.2. Let (7, ].||) be a Banach group, 9 : J — J be a map
and 7 . J — J be continuous, injection and sequentially convergent
mapping. If n >0, un >0, 2n+p <1 and

l79(w)(79(0)) 7| < Blll7(w)(r9(g)) | + (@) (70 (w)THI]  (2.4)

+ pl9(w)r (@), (2.5)

for all w,q € J, then ¥ has a unique fixed point [. Moreover, for any
wy € J the sequence {0"(wg)} converges to the l.

Theorem 2.3. Let (J,|.||) be a Banach group, v : J — J and
T:J — J be a mapping such that it is continuous, injection and
sequentially convergent. If n >0, u >0, 2n+p < 1 and

l79(w)(r0(@) 1 < nlll7 (w) (r9(w)) H* + [l (a) (79(a)) 'II*] (2:6)
+ pllr(w)r () (2.7)

for all w,q € J, then ¥ has a unique fixed point [. Moreover, for any
wy € J the sequence {0"(wo)} converges to the .

Proof. Suppose that wy € J is given and the sequence {w, } be defined
as the following wy, 11 = J(w,) for n =0,1,2,... . By (2.6), we have

17 (@) T (wn) T < Bl (i) 7 (wa) TP+ 17 (i) T (wn) 717
+ |7 (wn) 7 (W) P
Therefore,
17 (wn2) T (wn) T < all7(wn) T (wa-1) 7P, (2.8)

for each n = 0,1,2,... , and 0 < o = (Tj—;‘)% < 1. By the inequality
(2.8) we have

m

7 (wn) () HJ* < %

() r(wo)

for all n,m € N where n > m. Since 0 < a < 1 we conclude that the
sequence {7(w,)} is a Cauchy sequence and there exists z € J such

that lim 7(w,) = 2.
n—oo

As 7 : J — J is sequentially convergent mapping and since the se-
quence {7(w,)} is convergent, it implies that the sequence {w,} is also

convergent, i.e. there exists [ € J so that lim w, =I.
n—oo
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Since the mapping 7 is continuous we see that lim 7(w,) = 7(l). Now,
we show that [ is the unique fixed point of p. ]%;?2.6), we have
IO 7)< 707 (was) "M + 17 (wnged) (79()) 7
(D7 (wnger) 7+ 79 (wn) (79(1)
()7 (W) 7+ [l (wi) (79 (wn)) I
+ I (E0@) P + sl (wa) ()72
= 7 ()7 (was1) "+ Wlll7 (wn) (7 (wns1)) I
+ IO EI0) M) + pllr (wa) ()72,
for each n € N. For n — 00, the latter is transformed as the fol-
lowing ||79(0)7(1)7Y|| < n2{|[79(D)7(1)7Y]. But, n < 1. Therefore,

|79(0)7(1)7'|| = 0. To see the uniqueness of the fixed point of ¥,
let 1,1y € J be two fixed points on ¢. Using (2.6), we have

I (D7 (o)~ = o) (79 (1)) |
< lllr (O rI@) I + (o) (7 (lo)) |
+pllr () (o)1
= nlllr () () + 7 (o) (o) 7] + pell (1) (o) I
= ullT (D)7 (o),
and since 0 < p < 1 the latter inequality implies that ||7(1)7(ly) || = 0.

But, 7 is an injection, and thus [ = [. Finally, for each wy € J the
sequence {¥"(wg)} converges to the unique fixed point on 9. O

= |I7

< |

REFERENCES

1. S. Banach, Sur les operations dans les ensembles abstraits et leurr application
auzx equations in tegrales, Fund. Math., (3), (1922) 133-181.

2. N. H. Bingham, A. J. Ostaszewski, Normed versus topological groups: di-
chotomy andduality, Dissertationes Math., (472), (2010) 138p.

3. G. Birkhoff, A note on topological groups, Compositio Math., (3), (1936) 427-
430.

4. A. Branciari, A fixed point theorem of Banach-Caccippoli type on a class of
generalized metric spaces, Publ. Math. Debrecen., (57), (2000) 45-48.

5. SK. Chatterjea, Fized point theorems, C. R. Acad. Bulgare Sci., (25)(6), (1972)
727-730.

6. R. Kannan, Some results on fized points, Bull. Calc. Math. Soc., (60), (1968)
T1-77.

7. P.V. Koparde, B.B. Waghmode On sequence of mappings in Hilbert space, The
Mathematics Education., (25)(4), (1991) 197-198.

8. B. J. Pettis,On continuity and openness of homomorphisms in topological
groups, Ann. of Math., (52)(2), (1950) 293-308.



	1. Introduction
	2. Main results
	References

