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ABSTRACT. In the following text we classify all “appropriate” weighted
generalized shift isomorphisms on ¢P(I") for nonempty set I' and
pE[l,00] .

1. INTRODUCTION

Let’s recall that for nonempty set T' and p € [1,00) we have Ba-
nach spaces P(I') = {(2a)acr € C' : % |2,P < 0o} equipped with
acl

norm ||(za)acrll, = ( Er|xa\p)p (for (x4)aer € P(I")) and £(T") =
ac

{(24)aer € Ch : suIF)|xa| < oo} equipped with norm ||(24)aer||co =
ae

sup |zo| (for (z4)aer € €°(I')). Moreover as it has been mentioned in
acl’

[2], for w = (wq)aer € C and ¢ : I' = I' one may consider “weighted
generalized shift” o, : C' — C' with 0y, ((Za)aer) = (WaZip(a))aer-
We also know the following statements for ¢ € [1, 0o] are equivalent [2,
Theorem 2.1]:
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o 0,., (1)) C (T,
® 0w oy () — ¢/(T) is continuous and ||ogw lem || =
sup{||(wa)acp-1(p)lle : B € ¢(I')} < +o0.

Weighted generalized shifts are generalization of generalized shifts [!]
and weighted shifts.

In the following text for appropriate w we classify all isometric isomor-
phism weighted generalized shifts o, [s(r): ¢/(I') — ¢/(T).

2. ISOMORPHISM WEIGHTED GENERALIZED SHIFTS

Consider t € [l,00], ¢ : I' = I' and w = (wa)aer such that
sup{[[(wa)ace-1(a)lli : 5 € p(T)} < +o0.

Theorem 2.1. oy, [¢qy: (') — (4(T") is bijective if and only if

o v :I' = T is biective,
e for all o € I" we have w, # 0,

® sup |w,| < +oo and sup‘w—1| < 400.
acl’ acl

Proof. “=” Suppose 044 [er): (/(I') — ¢(T) is bijective. We have the
following steps:

Step 1. for all @« € I' we have w, # 0. For g € I' if wz = 0,
thent 0,4 (£1(T) = 0puu(AD)) 1 E(T) = {(wap)ocr * (Ta)ocr €
gt(F)} N ft(F) - {(ya)aeF € ﬁ(F) 1Yg = O}EEt(F) and T pw [gt(p):

(4(T') — ¢4(T) is not surjective which is a contradiction (since we have
supposed oy [ot(ry: €(I") — £(T) is bijective). Thus:

Vael w, #0.

Step 2. ¢ : ' — I is injective. If for distinct 5,0 € [ we have p(8) =
2(0), then 04, (E(T1)) S {(Ya)aer € £(T) = 1oys = rys} G (L) and

Opw levry: £1(I) — £4(T) is not surjective which is in contradiction with
our hypothesis, thus ¢ : I' — I' is one-to—one.

Step 3. ¢ : I' — Tissurjective. If 8 € I'\¢(T), then for 6° = 0if o # 3
and (5§ = 1 we have (0%),er € €4(T) with 0,4, ((62)aer) = (0)aer =
0pw((0)aer) which is in contradiction with injevtivity of oy [er):
(Y(T') — ¢4(T"). hence ¢ : I' — T is surjective.

Step 4. sup |w,| < +o0. Since oy, (¢ (T")) C (¢/(T")) by [2, Theorem
ael’
2.1] we have sup{||/(wa)aco-1()llt : B € ¢(I')} < +oo. On the other
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sup |[[(Wa)acp-1(p)lle = sup||(wa)acpo—1(0a ¢
Bep(T) Ber

oz SuR Il (Wa)acisle = sup fus|

hence sup |wg| < +o0.
Be(l)
Step 5. sup@ < 400. For a € T let uy == —— and u :=

ael We=1(a)
(ta)aer. Consider x = (4)aer € (X(T') since oy [ery: () — (T)
is bijective, there exists z = (2q)aer € /(') with 04.4((2a)acr) =
(%o )aer hence for all @ € I we have wq2pa) = To. So for all a € I' we
have z, = — Ty-1(a) = UaTp-1(a), Which leads to o,-1,(z) = 2 €

Yo=1(a)
((T'). Using oy-1,(¢4(T)) € ¢4(T) we have sup{||(ta)ac(o-1)-1(3)l]¢ :
B € ¢ HT')} < +oo. Using the same method as in Step 4, we have
sup{||(Ua)ace-1-1a)lle - B € M)} = sup‘w—l| which completes the
acl

proof of Step 5.

“<” Now suppose ¢ : I' — I is bijective, for all « € T' we have

we # 0 and both sup |w,], su;g@ are finite. Let u, = —— and

o€l ac Wo—1(a)

u = (ta)aer. Using sup{[|(wa)ace—ra)lle : # € ()} = sup Jwa| <
ac

+oo and sup{[|(ua)ace-1-1g)lle = B € 1)} = Sulg@ < 00, we
ac
have:
Tpuw(l'(T)) € €(T), 01, (¢(T)) C £1(T)

It is easy to verify (a%w “t(r))il = 0,14 [y which leads to the
desired result. O

By Theorem 2.1 and[2, Theorem2.1] we have the following corollary:

Corollary 2.2. the following statements are equivalent:
1. 04w ey 0(T) — £4(T) is bijective,
2. 0w Ty O1(T) = £X(T") is an isomorphism,
3. The following conditions hold:
o o:I' = T' is bijective,
e for all o € " we have w, # 0,

o sup [w,| < +00 and sup 5 < +00.
acl acr

3. ISOMETRIC ISOMORPHISM WEIGHTED GENERALIZED SHIFTS

Now we are ready to classify all isometric isomorphism weighted
generalized shifts on ¢/(T").
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Theorem 3.1. Consider t € [1,00], I' # &, ¢ : I' - ' and w =
(Wa)aer € C'. Then oy Teqry: €4(0) — 4(T) is an isometry isomor-
phism if and only if

o p:I'—= I is bijective,

o for all « € I" we have |w,| = 1.

Proof. First suppose 0y, [ery: ¢/(T) — (/(I') is an isometry iso-
morphism, then oy, [pxr): ¢/(I) — ¢(T) is bijective and by The-
orem 2.1 ¢ : ' — I is bijective, moreover for all « € T' we have

we # 0 also sup |w,| < +oo and sup‘w—l| < 4o00. By [2, Theo-
ael acl ' °

rem 2.1] we have ||og. @) || = sup{||(Wa)acp1()llt : B € ©(I')},

by the same argument as in the proof of Step 4 in Theorem 2.1 we

have sup{||(wa)aco-1p)llt : B € ©(I')} = su;F)|wa\. Since oy [ot(r):
[e1S

M) — (4(T') is isometry we have 1 = ||oyw [em) || = sup |wal.

ael
Using the same argument as in the proof of Theorem 2.1 we have

-1
(g lerry) = Ot ey for u = (ww_ll(a)

)acr however o,-1 4, o (ry:
(HT") — ¢4(T) is isometry too, hence 1 = |[g,-14 [w(ry || = sup ‘w—1| By
acl ¢

sup |we| =1= sup‘w—l| we have |w,| =1 for all a € T.
a€l acl 7
Now suppose ¢ : I' — I is bijective and for all a € I" we have

lwa| = 1. By Theorem 2.1, 0,4 [er): ¢(I) — ¢/(T') is bijective.
Consider © = (24 )aer € ¢/(T) we have:

o0 ()]0 = [[(WaTp(a))aerle = [[( |WaZp(a)] Jacr ||t
(Ve lwa|=1)
= I[( ‘ww(a)| Jacer |t

:I'—=T is bijecti
TET Czal Jaerlle = 1l

and 0,4 [ty €4(T) — €4(T) is an isometry. O
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