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ABSTRACT. In this article, Using the variational method and crit-
ical point theory, we prove the existence two weak solutions for a
(p, g)-Laplacian boundary value problem with singular nonlineari-
ties in a smooth bounded domain in RY.

1. INTRODUCTION

The quasilinear operator (p,¢)-Laplacian has been used to model
steady-state solutions such as reaction-diffusion problems. The differ-
ential operator A, + A, is known as the (p, ¢)-Laplacian operator, if
p#4q
We point out that in [1] the existence weak solutions for the quasilin-
ear elliptic problem of sigaular (p, ¢)-Laplacian is studied and in [3, 1]
the authors proved the existence of nontrivial weak solutions of elliptic
equations.
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Here, we consider the singular (p, ¢)-Laplacian elliptic problem as

T
—Ayu — Ayu+ PR 2] = Af(z,u) z€Q

u=">0 x € 092,

(1.1)

where 2 < g < p < N, A > 0 is a real parameter and f: Q) x R — R is
a Carathéodory function such that

(f1) [f(z )] < ait + aqft|", for all (z,t) € Q x R,

where a; and ap are positive constants, r €|p,p*[. Note that p* =

is the critical Sobolev exponent.
-P
Let W, 7(Q) endowed with the norm

el = llul, = ( / V() Pdz) (1.2)

and the norm in LP(2) is
fulp = ( / () Pde)?. (1.3)

Assume r € [1,p*[, the compact embedding Wy (Q) — L"(Q) shows
that there exists a ¢, > 0 such that

lull oy < crllull, — for all u € WyP(Q), (1.4)

where ¢, is the best constant of the embedding.
We recall the classical Hardy’s inequality:

s 1
/ ulo)? dr < _/ \Vu(z)|*dz, for all u € Wy*(Q),  (1.5)
o |z|* H Jo

where 1 < s < N and H := (;)S see [5].

If we set F(z,€) : fo x,t)dt, for every (z,&) € 2 x R, then the
energy functional I : X — R assoc1ated with (1.1) can be written

Iy = d(u) — AV (u), for all u € X,

where

P(u) = (Pp(u) + (I)q(u)7
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such that
1 |ulP
D, (u ::—/ Vupda:+/—1:
() = [vulrda+ [ Elao
D, (u) —1(/ |Vu|qu+/ walx)
RV 1 q ||
U(u) ::/F(m,u(x))dx
Q
By (1.5),
||w||P H+1 ||| H+1
P <9 (u) < alp, U <, (u) < ull,
) _p()_(pH el . q(u) <qH el
(1.6)

for every u € X.

Definition 1.1. The function u : Q — R is a weak solution of (1.1), if
u € X and

[

/|Vu|p_2Vqudx—|—/ uvdx+/ |Vu|T2VuVudz
0 o |zfP Q

Jul*™2
+ wodr — X | f(x,u)vdr =0,
o |zl Q

|z
for every v € X.

Since Q is bounded and ¢ < p, we have W, ?(Q) € W, () and the
continuous embedding W, (Q) — W, 9(Q).

Definition 1.2. A Gateaux differentiable function I satisfies the Palais-
Smale condition (in short (PS)-condition) if any sequence {u,} such
that

(I) {I(uy)} is bounded,
(1) limsup,, o0 [[1'(un)|[x= =0,
has a convergent subsequence.

We need the following proposition and theorem to prove the main
result.

Proposition 1.3. The operator T : X — X* defined by

T(u)(v) 3:/Q|Vu|p_2Vqudx+/ﬂ

lu

p—2
||p uvdx—f—/ |Vu|?"2VuVudz
0

|z

Q
for every u,v € X, is strictly monotone.
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Theorem 1.4. [2, Theorem 3.2] Let X be a real Banach space and let
® U : X — R be two continuously Gateaux differentiable functionals
such that ® is bounded from below and ®(0) = ¥(0) = 0. Fiz d > 0
such that suprew)<syV(u) < +oo and assume that, for each A € A :=
}O, m [, the functional I := ® — AV satisfies (PS)-condition
and it is unbounded from below. Then, for each A\ € A the functional

I\ admits two distinct critical points.

2. MAIN RESULTS
The statement of main result is as follows:
Theorem 2.1. Let f : Q@ x R — R be a Carathéodory function such

that condition (f1) holds. Moreover, assume that
(f2) There exist § > p and K > 0 such that

0<OF(x,t) <tf(z,t),
for each x € Q and |t| > K.

Then for each A €]0,\*[, problem (1.1) admits at least two distinct
weak solutions, where
-

o=

mlclp% + agc;p%
and ¢, is the constant of the embedding X < L"(Q) for each r € [1, p*]
in (1.4).

REFERENCES

1. F. Behboudi and A. Razani, Two weak solutions for a singular (p, q)-Laplacian
problem, Filomat, 33 (2019), no. 11, 3399-3407.

2. G. Bonanno, Relations between the mountain pass theorem and local minima,
Adv. Nonlinear Anal., 1 (2012), 205-220.

3. S. M. Khalkhali and A. Razani, Multiple solutions for a quasilinear (p, ¢)-Elliptic
system, Flectron. J. Differential FEquations, 144 (2013), 1-14.

4. R. Mahdavi Khanghahi, A. Razani, Solutions for a singular elliptic problem
involving the p(x)-Laplacian, Filomat,32 (2018), no. 14, 4841-4850.

5. J. P. Garcia Azorero and J. Peral Alonso, Hardy inequalities and some critical
elliptic and parabolic problems, J. Differential Equations, 144 (1998), 441-476.



	1. Introduction
	2. Main results
	References

