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Abstract. In this paper we study composition operators on vari-
able exponent Bergman spaces in the unit disk of the complex
plane. We prove that this operators are bounded, and we give a
sufficient condition for the compactness of composition operators.

1. Introduction

Let Ω ⊆ Rn. We mean by a variable exponent, a measurable function
p : Ω→ [1,∞). We shall write

p+ = p+
Ω := ess supx∈Ω(p(x)),

p− = p−Ω := ess infx∈Ω(p(x)).

Let P(Ω) denote the set of all variable exponent functions p(.) for
which p+ < ∞. For a complex-valued measurable function f : Ω → C
we define the modular ρp(.) by

ρp(.),µ(f) :=

∫
Ω

|f(x)|p(x)dµ(x),
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where µ is the Lebesgue measure on Ω. The Luxemburg-Nakano norm
induced by this modular is given by

‖f‖Lp(.) := inf
λ

{
λ > 0 : ρp(.),µ

(
f

λ

)
≤ 1

}
.

From now on we let Ω = D be the open unit disk equipped with the
normalized area measure dµ(z) = dA(z) = π−1dx dy. We denote the
modular by ρp(.) and the induced norm by ‖.‖p(.). It is well-known that

(see [1]) the dual of Lp(.) is Lp
′(.) where 1

p(x)
+ 1

p′(x)
= 1. We also have

(p′(.))+ =
(
p′−
)
,

(p′(.))− =
(
p′+
)
.

For abbreviation we shall write p′+(.) and p′−(.).

Definition 1.1. Let p(.) ∈ P(Ω). Lp(.)(Ω, µ) is the space consisting
of all complex-valued measurable functions f : Ω → C that satisfy
ρp(.),µ(f) <∞. We know from [1] that Lp(.)(Ω, µ) is Banach space.

Definition 1.2. A function p : Ω → R is said to be locally log-holder
continuous on Ω if there exist a positive constant C such that for x, y ∈
Ω with |x− y| < 1

2
we have

|p(x)− p(y)| ≤ C

log(|x− y|)
.

We denote by P log(Ω) the set of all locally log-holder continuous func-
tions in Ω for which 1 < p− ≤ p+ <∞.

Definition 1.3. Given p(.) ∈ P (D) we define the variable exponent
Bergman space Ap(.)(D) as the space of all analytic functions on D for
which ∫

D

|f(z)|p(z)dA(z) <∞.

With this definition, Ap(.)(D) is a closed subspace of Lp(.)(D) and hence
a Banach space.

2. Main results

Let ϕ : D → D be an holomorphic function on D. We consider the
induced composition operator Cϕ : Ap(.)(D)→ Ap(.)(D), that is:

(Cϕf)(z) = (f ◦ ϕ)(z) = f(ϕ(z)), f ∈ Ap(.)(D), z ∈ D.
In the first theorem, we prove that the operator Cϕ is bounded on
Ap(.)(D). This will generalize the result proved in [5] for constant ex-
ponent 1 < p <∞.
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Theorem 2.1. Let ϕ : D → D is a holomorphic function and p(.) ∈
P log(D) then composition operator Cϕ : Ap(.)(D)→ Ap(.)(D) is bounded.

Now we turn to the issue of compactness. To begin, we need to recall
some items from [2] and [4].

Let ϕz be a Mobius function on D, that is, ϕz(w) = z−w
1−z̄w . We then

define the operator Uz on Ap(.) by

Uzf := (f ◦ ϕz)ϕ′z, z ∈ D.

In [2] A. Dieudonne proved that Uz is a bounded on Ap(.).
Let S be a bounded operator on Ap(.), we define operator

S(z) := UzSUz.

Let kz be normalized Bergman kernel on the unit disk; that is:

kz(w) =
(
1− |z|2

) 1

(1− z̄w)2 .

We now define function S̃ on D:

S̃(z) := 〈Skz, kz〉.

In fact this function is well known Berezin transform of S on A2(D).
The next theorem is a basic tool in the following arguments; indeed, it
is an Ap(.) version of a result already proved by Miao and Zhang [4] for
the constant variable Bergman space Ap(D).

Theorem 2.2. ([2]) Suppose p(.) ∈ P log(D), 1 < p0 ≤ p− ≤ p+ < ∞,
and p1 = min{p0, p

′
0}. Let S be a bounded operator on Ap(.) such that

for some q > p1+1
p1−1

,

C1 = sup
z∈D
‖S(z)1‖q <∞,

C2 = sup
z∈D

∥∥S∗(z)1∥∥q <∞ (S∗(z)is the adjoint of S(z)

)
.

Then the following statements are equivalent:

(1) S is compact on Ap(.).
(2) S̃(z)→ 0 as z → ∂D.
(3) For every s ∈ [1, q), ‖S(z)1‖s → 0 as z → ∂D.
(4) ‖S(z)1‖1 → 0 as z → ∂D.

To prove our main result, we need the following lemma.
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Lemma 2.3. Suppose p(.) ∈ P log(D), 1 < p0 ≤ p− ≤ p+ < ∞, and
p1 = min{p0, p

′
0}. Suppose there exist q > p1+1

p1−1
such that

lim
|z|→1−

∫
D

(1− |z|2)2

(1− |zϕ(ω)|)2q
dA(ω) = 0.

Then we have supz∈D ‖Cϕ(z)
1‖q <∞ and supz∈D ‖C∗ϕ(z)

1‖q <∞.

Theorem 2.4. Suppose p(.) ∈ P log(D), 1 < p0 ≤ p− ≤ p+ < ∞, and
p1 = min{p0, p

′
0}. Let ϕ : D → D is a holomorphic function in the unit

disk for which there exists q > p1+1
p1−1

satisfying

lim
|z|→1−

∫
D

(1− |z|2)2

1− |ϕ(ω)|)2q
dA(ω) = 0.

Then the composition operator Cϕ : Ap(.)(D)→ Ap(.)(D) is compact on
Ap(.).

References

1. D. Cruze-Uribe, A. Fiorenza, Variable Exponent Lebesgue Spaces: Foundations
and Harmonic Analysis, Bikhauser, Basel, Switzerland (2013).

2. A. Dieudonne, Compact operators on the Bergman spaces with variable expo-
nents on the unit disc of C, Int. J. of Mathematics and Mathematical Sciences,
doi.org/10.1155/2018/1417989

3. L. Grafakos, Modern Fourier Analysis, Springer, New York, NY, USA, 2nd
edition (2009).

4. J. Miao, Dand. Zheng, Compact operators on Bergman spaces, Integral Equa-
tions and Operator Theory, (48)(1), (2004) 61-79.

5. M. Stessin, K. Zhu, Composition Operators Induced By Symbols Defend On A
Polydisk, J. Math. Anal. Appl., (319), 815–829, (2006).


	1. Introduction
	2. Main results
	References

