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Abstract. H∗-algebra is defined by Warren Ambrose. These
structure are complete algebra w.r.t. norm ∥·∥A that correspond-
ing with inner product ⟨·, ·⟩A. Trace class is a sub-algebra of H∗-
algebra and define on it a trace norm τ(·). The space (τ(A), τ(·))
is a complete sub-algebra of H∗-algebra.

1. Introduction

An algebra is a vector space A with a multiplication A×A → A s.t.
(a, b) 7→ ab which is associative and linear in each of the two variables
of multiplication operator. A Banach algebra is an algebra A over field
F with equipped the norm ∥·∥A that is a Banach space such that for all
a, b ∈ A, ∥ab∥A ≤ ∥a∥A ∥b∥A. An unital Banach algebra is a Banach
algebra with a unit element 1A such that ∥1A∥A = 1F. An involution
is a map a 7→ a∗ from A into A such that (a∗)∗ = a, (ab)∗ = b∗a∗

and (αa + b)∗ = ᾱa∗ + b∗, for a, b ∈ A and α ∈ C. Each Banach
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algebra equipped with an involution is called Banach ∗-algebra or B∗-
algebra. A C∗-algebra is a Banach algebra A with an involution such
that ∥a∗a∥A = ∥a∥2A for every a ∈ A.

2. H∗-Algebra

H∗-algebra is defined by Warren Ambrose in [1]. We survey some
properties of this algebra. Also we checking the difference between that
and the similar algebra in an example.

Definition 2.1. Banach algebra A is called H∗-algebra if:

i. The underlying Banach space of A is Hilbert space.
ii. For each a ∈ A, there exist adjoint a∗ ∈ A such that

⟨ab, c⟩A = ⟨b, a∗c⟩A and ⟨ab, c⟩A = ⟨a, cb∗⟩A (2.1)

for all a, b, c ∈ A.

This means, the algebra norm ∥a∥A and the Hilbert space norm

⟨a, a⟩1/2A are equal. Also, the adjoint a∗ of a may not be unique.

Example 2.2. We explain two example for H∗-algebra and relation
between this and C∗-algebra:

i. Complex number, C, with inner product ⟨α, β⟩ = Re (αβ∗) and
induced norm by this, is an H∗-algebra and C∗-algebra.

ii. The Clifford algebra A = Cl0,n is a real H∗-algebra w.r.t.
⟨λ, µ⟩ := 2n[λµ]0 = 2n

∑
A λAµA. Then |λ|20 := ⟨λ, λ⟩0 =

2n
∑

A λ2
A be an induced norm by above inner product on C ℓ02

(i.e. i2 = j2 = −1). Assume λ = i + j, then λλ = 2, |λλ|0 = 4
and |λ|20 = 8. Hence |λλ|0 ̸= |λ|20. Therefore Cl0,n with this
norm is not a C∗-algebra (For more information see [2]).

Let A be an H∗-algebra and a ∈ A. Then aA = {0} is equivalent to
Aa = {0}. Define Z := {a ∈ A|aA = {0}}.
Definition 2.3. An H∗-algebra is proper or semi-simple if Z = {0}.
Theorem 2.4. An H∗-algebra is proper if and only if every element
has a unique adjoint.

Definition 2.5. Let A be an H∗-algebra and a, e, f ∈ A. Then a
is self-adjoint member of A if a∗ = a. a is positive member of A if
⟨ax, x⟩A ≥ 0 for all x ∈ A. a is normal element if a∗a = aa∗. e
is idempotent if e2 = e ̸= 0. e is sa-idempotent (projection) if e be
an idempotent and a self-adjoint element. Idempotents e, f are called
doubly orthogonal if ef = fe = 0 and ⟨e, f⟩A = 0. An idempotent is
primitive if it can not be expressed as the sum of two doubly orthogonal
idempotents.
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Theorem 2.6. Every proper H∗-algebra contains a non-empty maxi-
mal family of doubly orthogonal primitive sa-idempotents.

Definition 2.7. Let T is a bounded linear operator in Banach algebra
X, then T will be called a right centralizer of X if T satisfies the
identity T (xy) = (Tx)y. We will use the symbol R(X) to denote the
collection of all right centralizers of X.

Let a be arbitrary and La : A → A be the operator of the left
multiplication by a, i.e. La(x) := ax. Then La ∈ R(A). We define
C(A) to be subspace generated by the operators La, a ∈ A. C(A) is
the closed subspace of R(A) in the operator norm.

2.1. Trace-Class for H∗-Algebras. In continuous, A is a proper H∗-
algebra. We discuass about trace–class and trace–functional.

Saworotnow show that for each a ̸= 0 in A there exists a sequence
{en} of mutually orthogonal projections and a sequence {λn} of positive
numbers such that a∗a =

∑
n λnen. Also that a∗aen = ena

∗a = λnen
for each n. Then they define [a] :=

∑
n µnen, where µn :=

√
λn ≥ 0.

For each a ∈ A there exists a unique positive member [a] of A such
that [a]2 = a∗a (note that [a]∗ = [a]).

Definition 2.8. Trace-class for A is the set τ(A) = {xy|x, y ∈ A}.
Also, if a = xy ∈ τ(A), define tr a := ⟨y, x∗⟩A.

Trace tr is a positive functional, i.e. if a ∈ A be a positive then
tr (a) ≥ 0. There exists b ∈ A such that tr (b) < 0. Therefore in follow
use “[ · ]” to build a norm of this functional. For every a ∈ A, [a] is a
positive member of A.

Definition 2.9. With above assumption, we define τ(a) := tr ([a]) =
tr (

∑∞
n=1 µnen) =

∑∞
n=1 µn for every a ∈ A.

Corollary 2.10. Suppose A be an H∗-algebra. Then

i. τ(a∗a) = tr (a∗a) = ∥a∥2A, for all a ∈ A;
ii. |tra| ≤ τ(a), for all a ∈ τ(A);
iii. If a ∈ τ(A) and S is a right centralizer then τ(Sa) ≤ ∥S∥ τ(a);
iv. ∥a∥A ≤ τ(a), for all a ∈ τ(A);
v. τ(ab) ≤ ∥a∥A · ∥b∥A, for all a, b ∈ A;
vi. τ(ab) ≤ τ(a)τ(b), for all a, b ∈ τ(A).

3. Completeness of Trace Class

In this section, investigated trace-class space τ(A) with norm τ(·)
and show that (τ(A), τ(·)) is a complete space. Therefore by Proposi-
tion 2.10, part (vi), this space is Banach algebra.
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Lemma 3.1. If a ∈ τ(A) then the mapping fa defined on C(A) with
fa(S) = tr (Sa) is a bounded linear functional and ∥fa∥ = τ(a).

Theorem 3.2. Each bounded linear functional on C(A) is of the form
fa for some a ∈ τ(A).

This means, the above correspondence between τ(A) and C(A)∗ is
an isometric isomorphism. τ(A) can be identified with the space of all
bounded linear functionals on C(A).

Corollary 3.3. τ(A) is a Banach algebra in the norm τ(·).
Proof. τ(A) is complete since it is isometric to the dual of C(A). □
Theorem 3.4. For every right centeralizer S the mapping fS(x) =
tr (Sx), is a bounded linear functional on τ(A) such that ∥fS∥ = ∥S∥.
Conversely, each bounded linear functional on τ(A) is of the form fS
for some S ∈ R(A). Thus R(A) is isometric isomorphic to τ(A)∗.

Example 3.5. Consider standard structure ℓ2(N) with the common
addition and scalar product. Suppose a = (a1, a2, · · · ) = {ai}∞i=1 , b =
(b1, b2, · · · ) = {bi}∞i=1 ∈ ℓ2(N) where ai, bi ∈ F = C. We define a · b :=
{ai · bi}∞i=1, ⟨a, b⟩A :=

∑∞
i=1 aibi and a∗ := (a1, a2, · · · ) where ai is con-

jugate of complex number ai. Then ∥a∥A = ⟨a, a⟩1/2A = (
∑∞

n=1 |an|2)1/2
is induced norm. A is an H∗-algebra, because ⟨ab, c⟩A = ⟨b, a∗c⟩A =
⟨a, cb∗⟩A =

∑
aibici, but it has not C∗-algebra structure. For check

this, let a = (2, 3, 0, 0, · · · ). Then ∥a∥2A ̸= ∥a∗a∥A.
Let δi = {δij}∞j=1, i ∈ N, where δij is the Kronecker delta. Then {δi}

is family of doubly orthogonal primitive sa-idempotents.
For every a = {an}∞n=1, [a] = {|an|}∞n=1. Then tr (a) =

∑∞
n=1 an and

τ(a) =
∑∞

n=1 |an|. Therefore ∥a∥A = ⟨a, a⟩1/2A =
√
τ(a∗a).

Finally, (τ(A), τ(·)) is a Banach algebra, but is not a C∗-algebra.
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