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ABSTRACT. Shearlet frames are used to solve N-dimensional heat
equation numerically. The proposed method is mathematically
simple and fast. To demonstrate the performance and efficiency of
the developed formulation an example in the case of two-dimensions
is presented. By this approach the coefficients of the shearlet frame
expansion are obtained via separate time independent partial dif-
ferential equations and the number of these coefficients are decided
according to the desirable accuracy of the solution.

1. INTRODUCTION

Heat equation is categorized as parabolic second order partial differ-
ential equations. This kind of equations appear in different scientific
fields. Several numerical techniques have so far been developed for
solution of transient heat transfer problems. Among these methods,
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finite difference methods [16, 14, 17], finite element methods [15, 20],
spectral methods [5, 19], etc. can be mentioned.

Amongst the numerical approaches the wavelet-based numerical meth-
ods have been developed and have widely used to solve the various types
of heat equation in different dimensions, for examples see [2, 4, 9, 10].
Curvelets have also been employed for solution of PDE problems, e.g.
solution of two dimensional wave equation [13].

Shearlets are newer representation systems that are equipped with
a rich mathematical structure similar to wavelets [0, 12, 13]. In fact,
theory and algorithms of shearlets can be carried over the continu-
ous wavelet transform. The continuous shearlet transform is based on
special affine systems generated by one single function ¢ € L*(R?).
Moreover, compared with wavelets, the continuous shearlet transform
has a coherent matrix structure for n-dimensions so that it is useful for
solving the higher dimensional PDEs [1].

In this paper, an approach for solution of heat equation in the general
case of n-dimensions is presented. The unknown function is expanded
by using shearlet frames and then by employing Fourier transform and
making use of Plancherel theorem, as well as properties of shearlets,
the unknown coefficients of the expansion are obtained by solving far
simpler separate time independent partial differential equations.

The paper is organized as follows. In the rest of this section, we
present some necessary definitions and theorems. Section 2 is devoted
to the development of n-dimensional formulation. In section 3 an ex-
ample of a two-dimensional heat problem is presented. The conclusions
and merits of the approach are concisely discussed in section 4.

Firstly, we present required notation and definitions about shearlets.

Let {t; xm(-)};km be a family of shearlets in n-dimensions as

Dipm () = | det Agi|“29(AZLS (- — m)), (1.1)

where j € Z,k € Z"',m € Z" and ¢ € L*(R") is admissible in the
sense that

7, 2
oo [ U g < a3
R™ |€1|
and
27 0o, 1 k7
A2] a |: Onfl 2%In,1 :| ’ Sk n { On—l In—l } ’ (13)

in special case, n = 2, we have

Vi () = 271P(AZLS (- — m)),
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where j,k € Z,m € 72,

270 1 k
AQJ:|:O2;:|7SIC:|:O 1:|7

Definition 1.1. Let ¢; € L*(R) be a admissible wavelet with U, €
C*>*(R) and supp oy C [—2,—2] U [3,2]. Consider ¢ € L*(R"!) be
such that ¢, € C® (R™1) and supp Wy C [—1,1]""!, then the function
Y € L*(R™) defined by

§

aa:wgaz@@>%%

);

where € = (&, -+ ,&,) is a continuous shearlet.
Let ¢ € L?(R) satisfies the discrete Calderon’s condition

Z 1 (27
jez

with @/Zz\l € C*(R) and supp 121\1 C [—2,—%] U [%,2]. Consider 1, €
L*(R") is a bump function such that for all £ € [—1,1]"7,

S [GalE + k)2 =

k=—1

where TZQ € C°(R™ ') and supp 122 C[-1,1]~ L
For instance, for n = 2. Let ¢; € L*(R) be a Lemarie’-Meyer wavelet
that satisfies the discrete Calderon’s condition

S @R =1,

JEZ

with ¢, € C*(R) and supp ¢, C [2, —2]U[3, 2]. Consider ¢, € L*(R)
is a bump function such that for all £ € [—1, 1],

Y €+ k)P =

k=—1

where 1, € C*(R) and supp Wy C [—1,1].
We have 9 as
0(61,6) = &) al2).

The shearlet ¢ as defined in above is called a classical shearlet [12].
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For case of n, we will show that the classical shearlet can be defined
as follows

b6, ) = W&wz(é),

where by, v(z),b(€) is the same of example in [3] and consider I =
{ilai27"' 7an} - {2737 an} ) J = {jlaAj27~"' 7jnj} - {2737 7n}
be such that I N J = 0. Now, we defined 1)5(§) as follows

G (6) = o (€0, 65+, 6) = 0(1=6,) - 0(1=;, Jo(14E5,) - v(1+4E5,.)

where v is the function defined in [3],
&, > 0forn' =1,2,--- ,ny,
&, <0forn"=1,2,--- ny,

and n; +n; = n — 1 It can be shown that 1y are satisfied in the
conditions mentioned in definition 1.1.

In the following, we will show that 1), satisfies the conditions in
Definition 1.1. Consider k& = (ko, ks, -+ ,k,) where k, € Z, a €
{2,3,-+- ,n}, specially we could consider k, € [—27,27] where j is the
scale parameter. In the following we show that

oY Y k=1 (1.4)

ko=—2J kg=—2J kp=—21

By definition of 1/;2(5) we can write

DD D lh(E R

ko k3

= IS e = k) (= Do+ & )
kn

kip  kig

v(1 4§, + k)

=D vl =& + k)Y vl =&, ki)Y vl +&, + k)
ki ki,, . ks

n,; J1

> vl +¢, +k,)

kjy, .
]n]
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(see Theorem 2.5 in [3] ) Moreover by (1.4) and Theorem 2.2 in [3] it
can be easily seen that

S k(@ =1

ik

where § = (&1, ,6n), k= (k1, -+, kn).

Now, we can proof the following theorem.

Theorem 1.2. The shearlet system {1V gm}jkm i (1.1) with Defini-
tion 1.1 is a Parseval frame for L*(R™).

Proof. Suppose f € L*(R") and f' is Fourier transform of f, then we

have
Z |<fa ¢j7k,m>|2 = Z |<fa ,lvzj,k‘,m>|2

Jik,m g.k,m
- Z|/f b (€T
7.k,m
= 21| J©&)emde?
7.k,m

= [ FOF Y islors
Rr F
since > ;. |0, 1(€)]2 = 1, as show in (1.4)

4
SN bl = [ 1€ = /\f dz = |I£]1

J,km
O
Now, we define t; ., as follows [3]
Vikm R xR = C
&j,k’,m(ﬁ? t) = &j,k,m(&)eiimca (15)

where 1) is a classical shearlet. In the following, we represent {@]km Yikm
be a Parseval frame.

Theorem 1.3. Let ¢ € L*(R™) be a classical shearlet. The shearlet
system {1 k.m }ikm is a Parseval frame.
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Proof. Suppose [ € L*(R"), f is Fourier transform of f and f (& t) =
f(&)eFlélet then we have

ST D) = S )

j?k7m j7k7m

= 1 [ HOEE (e g

J.k,m

SN RGENGEET

j7k7m

_ / P S 16 Pde.
Rn .k

by [ ]7 since Zj7k |¢j7k(§)|2 =1, then
ST G P = I

j7k7m

O

Since {4; k. }jkm is a Parseval frame for L2(R™), then we can write
[ € L*(R"™) as follows

F@,t) = (f-bjnm)bipm(@, ). (1.6)
7,k,m

We use C, . to show the shearlet coefficients (f, 1, m). In the next
section, we present a method to solving the n-dimensional heat equation
with the shearlet frame (1.5).

2. MAIN RESULTS

In this section, we present a method for solving n-dimensional heat
equation using shearlet frame. First, we consider n-dimensional heat
equation as

0,

wy = *Au, 0<z;<a;,i=1,---,n
w(wy, - wim1, 0, &1, Ty t) = u(y, - T, Gy Tigr, o0, Ty t) =
OSIjS(J,j,j#Z', tZO,
(2.1)
"L 0%

where Au = Z(W)
T3

i=1
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Applying n-dimensional Fourier transform with respect to x yields

50D ==&+ + )V ). (2.2)
Then we consider
t) == Z Cj,k,m'&j,k,m(x7t)a (23)
7.k,m
and
Z 7.k mqvbj k,m ZE t)
7,k,m
where

Cikm = (W@, 1), i pm(, 1))

CA o = (Au(z, 1), 1 (T, 1))

J.k,m

(2.4)

Applying n-D Fourier transform to (2.4) and using Plancherel theo-
rem yields

t) = Z Cj,k,mlzj,k,m(fa t)

Jkm

=3 OB E1).

J,k,m

By replacing U and AU into (2.2), we obtain

chkmatwykm&t =Y Chutim(&t): (20)

7.km 7,k,m

Z C]km iZ’f‘ ) ( €¥Z|§‘Ct = CIQ ]kmwjkm )e$i‘£|d/‘

7.k,m 7,k,m
(2.7)
Now, (2.7) can be rewritten as follows
> [FilélChkm = Chim] Yikm = 0, (2.8)
J,k,m
£ 41€|Cpm — Cipn = 0. (2.9)
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By using the definition of Cjj , C’fk’m and the Plancherel theorem, we
get

1 ~ 2 1 ~ =
Cikm = ) /n U(&,t) ) km(E t)dE = @) /n U(&)-j1m(§)dE,
1 — Tz
O]Akm = (271’)” /]R" AU¢]km<§7t)d§

(2.10)
Substituting ST, Ay-;¢ with £, we have
1 ~ = A
Coson = s [ AwSE (0©-5,400)) .
o Ao STER A ST (T (€)1 im.&) g
j,k,m__(zﬂ)n Rn| 23S §|7 A k;< (f)-%k(f))e 3

~

For simplicity, we consider T’ := Ay, ST (ﬁ(§)¢]k(§)> , hence, Cj i m
and O4

km Can be rewritten as

1 .
Cihm = / Teltme e, (2.11)

and

1 .
Cilm = _W/ | Ay SFE|PTettmO e (2.12)
Rn
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Expanding | Ay STEJ? in the above relation yields

Chom =[P + K2 (n— 1) + (1 +k(n - 2)) + (1 + K (n

+o+ (14+EY)E + &2

+(2k 4 2k%(n — 2))6162 + (2k + 2k*(n — 3))6163
+(2k + 2k (n — )68 + -+ + 2kE: &,

+(2k + 2k (n — 3))6a€s + (2k + 2k* (n — 4))&264

ek 2R+

+(2k)&n-18n] = O(§).

So C4

km can be rewritten as follows

—3))&

(2.13)
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it could be seen that ka’m is a combination of following terms

Cp = (2 + k2 (n — 1)) LSk 4 (14 k2 (n — 2)) Lok

omy am%

2 820',16,777, 820',k,m
Tk (L k) Gy P

n—1

CL, = (2k + 2k2(n — 2)) 2k o (9 4 242 (n — 3)) 2 Lot

Om10ms Om10ms

620j,k,m
8m1 8mn

+oe 2k

CkAgkn = (2/{} + 2]{2(n — 3))% + (2k + 2k2(n o 4))82C’j,k,m

OmoOms Oma0Omy

02C; k.m
5‘m28mn

+oet (2K)

A _ 82Cj,k,m
Cknflkn - (zk) Omp,_10my, *

(2.14)
Replacing (2.14) in (2.9) leads to

File|Cjam — 2 [CR+ OB +CE +--+Ch_ . ]=0. (215)

Where (2.15) is the heat equation (2.1) in the shearlet domain, indeed.

By solving (2.15) for each j, k,m, we can obtain U by substituting
Cjkm in (2.5). Finally by applying n-D inverse Fourier transform to U
we can get the solution.

3. EXAMPLE - FORMULATION FOR TWO-DIMENSIONAL HEAT
EQUATION

In this section, as an example of the developed procedure, we ob-
tain the shearlet formulation for the solution of two-dimensional heat
equation. First, we consider two-dimensional heat equation as

ut:c’2(um+uyy), 0<z<a 0<y<bd (3.1)

w(0,y,t) =u(a,y,t) =0, 0<y<b, t =20
(3.2)
u(z,0,t) =u(z,b,t) =0, 0<x<a, t>0
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For solving the above problem with shearlet system method, firstly,
we apply 2-D Fourier transform with respect to variables x,y to (3.1)
and get:

—U(&1,6) = —*(GU + &0). (3.3)
Then we consider

:By, chkmwjkm(x Y, )
7.k,m

and

xya Z k;mw]kmxyat)a

7,k,m

where Cj,k,m = <U(IE, Y, t)a &j,k,m(l‘? Y, )> and C]Ak m <AU(.CL', Y, t)a @Ej,k,m(xa Y, t)>
Applying 2-D Fourier transform and using Plancherel theorem to
(3.3) yields

U1, 62,t) = Z Cj,hmij,k,m(flagmt) (3.4)
J.km

NG, &o,t) = 3 OB thiim(E, 6a,t). (3.5)
7.k,m

By replacing U and Aw into (3.3), we obtain
ilgle Y Cinmbinm(€,2,0) = Y Chpihinm(€n,&2:1). (3.6)
Ji.ksm 7,k,m
Now, (3.6) can be rewritten as follows
> [HIECkm — O] Vrm =0, (3.7)
J,k,m

with respect to the definition of Cj , C’fk and some properties of

inner product, we have

S [rilglen — ¢ Au, )| dipm = 0. (3.8)

j7k7m

,m

since {1 k.m}jkm 1s a parseval frame, it could be concluded

(£i|€|cu — c’zAu, z/;jkm> =0,

therefore
£ i]€]eCpm — OB = 0. (3.9)
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Now, by using the definition of C j , Cﬁk,m and the Plancherel theo-
rem, we get

Cisom = i3 Jao W(E) A0 o) ™OdE, € = (£1,62),
(3.10)

Cm = o Sz D) (€)™ de

By using the Fourier transform property for the drivatives of function
u, we have

AU = -0 — U = (& + e2)U. (3.11)

Hence C7 . can be rewritten as follows:

1 _ |
Oﬁk’m - _W /]R? (5% + £§>@(§) ) ¢j7k(§)€l<m’£>d§.

Now, by substituting ST, A,-;¢ with £, we have:

1 1 i i(m
Cj,k,m = W /]R2 A2jSkT <u(§)z/)]’k(é‘)> i ’£>df,

1
ik ==t o W SEEP AL

For simplicity, we consider T' := Ay SY (ﬁ(f)ajk(fw , hence, Cjim
and C4

Jikym

/N
=,
<
ks
—~
I
SN—
——
Q)
=
3
o
QL
Iy

u(g)-

can be rewritten as follows

1 .
_ i{m,§
Cipm = (%)Q/Fe< Vde, (3.12)

and
Cin =~ [ (296 + P (kes + &)?) D
— — e [ (25€} + VR + 20 k6 + 29€R) Tdg
= — b [ 2 (P8 + K6} + 2k&& + ) Td¢

= — o [ (2 + K&} + 2k&16n + €3) T,
(3.13)
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It could be seen that C'2,  is a combination of the following terms

j,k,m
. . 920 .
Cit =22 + 1) ("5h=),
. 2.
Cp = 2i(Likm g;r;gm), (3.14)

Ciris =2 (2H) (G

8m18m2

Replacing (3.14) and (3.12) in (3.9) leads to

o 02C; 020} 020}
. /2 2 ])k)m j7k7m ]7k7m
290 | (i Ok (——Lkm
elcCinm = 2 | (@ + (k) 4 (k) ¢ (o) (o
(3.15)

Indeed, (3.15) is heat equation (3.1) in the shearlet domain.
Let A:=2/(27 +k?), B:=k2, D:= 2/, then we have

B? — AD = k2% — 21(27 4 k?)2% = —2% <,

which states that (3.15) is an elliptic partial differential equation. Now,
by solving the following time independent equation for each j, k, m,

2. 27, 2
Qg%ﬁ)+[xgg%ﬂ ICjrm
oms oms3 Omy0ms

(3.16)

We can obtain U by substituting Cj,, in (3.4). Finally, by applying

i€)cClpm = ¢ | A( )+ 2B(

2-D inverse Fourier transform to U, we can get the solution.

4. CONCLUSION

A method for solution of n-dimensional transient heat equation by
making use of shearlet frames is presented and to better clarify the
method an example in two dimensions is presented. This approach is
general and can be employed for other PDE problems such as Poisson
and wave equation. As it was shown, in this approach the unknown
function is approximated by an expansion via shearlet frame expan-
sion and the coefficients of this expansion are obtained by employing
Fourier transformation and Planchere theorem. The main merit of this
approach is that for finding the unknown coefficients there is no need
to solve a system of simultaneous algebric equations and each of the
expansion coefficients can be obtained from a separte time independent
differential equation. This property is of extreme applicability impor-
tance as the user of the method can step by step increase the accuracy
of the solution to whatever degree that is satisfactory.
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